Abstract. This paper is motivated by Grothendieck's splitting theorem. In the 1960s, Gohberg generalized this to a class of Banach bundles. We consider a compact complex manifold X and a holomorphic Banach bundle E → X that is a compact perturbation of a trivial bundle in a sense recently introduced by Lempert. We prove that E splits into the sum of a finite rank bundle and a trivial bundle, provided H 1 (X, Ø) = 0.
Introduction
This paper deals with holomorphic vector bundles over complex manifolds. Let us recall two theorems in the subject that are relevant for this paper. The first is (a special case of) the finiteness theorem of Cartan-Serre [2] : if X is a compact complex manifold with dim X = n and V is a holomorphic vector bundle of finite rank over X, then dim H q (X, V ) < ∞ , for 0 ≤ q ≤ n.
(1.1)
The other result is Grothendieck's splitting theorem, useful in many areas of geometry and physics.
Theorem (Grothendieck [7] ). Every finite rank holomorphic vector bundle over the Riemann sphere splits into the sum of line bundles.
For bundles of infinite rank over finite dimensional, indeed compact manifolds, which are in our focus, certain generalizations of the finiteness and splitting theorems were first proved by Gohberg and Leiterer, see [3] , [4] , and [5] . In order to explain their results and also our findings, we need to introduce some notions of infinite dimensional analysis. A complex Banach manifold X is a Hausdorff space with an open cover X = U i , and homeomorphisms ψ i from U i to open sets in a complex Banach space such that all transition mappings ψ i ψ −1 j are biholomorphisms where they are defined. We call (U i , ψ i ) a coordinates system of X. Let X be a compact Banach manifold, then dim X < ∞, because balls in 2000 Mathematics Subject Classification. 32L05, 32L10, 58B15. This research was partially supported by NSF grants DMS0203072 and DMS0700281. I would like to express my best gratitude to Professor László Lempert for his suggestions. This paper contains the result of my thesis research under his guidance.
infinite dimensional Banach spaces are not precompact. A holomorphic Banach bundle over X is a complex Banach manifold E together with a holomorphic map π : E → X and a vector space structure on each fiber E x = π −1 (x). It is required that this structure should be locally trivial, i.e. there should exist biholomorphisms ϕ i : E|U i → U i × B, where U i ⊂ X is an open set and B is a complex Banach space, and ϕ i |E x : E x → {x} × B is a vector space isomorphism, x ∈ U i . As with finite rank bundles, the local trivializations ϕ i give rise to functions ϕ i ϕ −1 j : (U i ∩U j )×B → (U i ∩U j )×B, which are of the form ϕ i ϕ −1 j (x, v) = (x, ϕ ij (x)v). Here ϕ ij : U i ∩ U j → GL(B) is a holomorphic map to the group of invertible linear transformations of B. Conversely, given holomorphic transition functions ϕ ij : U i ∩ U j → GL(B) such that ϕ ij ϕ jk = ϕ ik , a holomorphic Banach bundle can be defined by gluing. If the transition functions ϕ ij are of the form ϕ ij (x) = id + compact operator, then we say the bundle is of compact type.
Theorem (Gohberg [3] ). Any holomorphic Banach bundle of compact type over the Riemann sphere splits into a finite sum of line bundles and a trivial Banach bundle.
Our main goal is to extend this result to other manifolds. In fact, following Lempert [11] , we shall consider bundles slightly more general than compact type. Let E, F be Banach bundles over a complex manifold X. We say E is a compact perturbation of F if there exist an open cover U = {U i } of X, homomorphisms ϕ i : E|U i → F |U i for every U i ∈ U which are Fredholm operators on each fiber E x , x ∈ U i , andφ i −φ j are compact operators on each fiber E x , x ∈ U i ∩ U j . Every finite rank bundle is a compact perturbation of a trivial Banach bundle and if E is of compact type, then E is a compact perturbation of a trivial bundle.
Our main result is Theorem 1.1. Let X be a compact complex manifold with H 1 (X, Ø) = 0, and E → X a holomorphic Banach bundle. If E is a compact perturbation of a trivial bundle then it splits into the sum of a trivial Banach bundle and a finite rank bundle.
It turns out that H 1 (X, Ø) = 0 is a necessary condition. Section 4 of [11] contains an example, due to Vâjâitu, that shows that if X is Kähler and H 1 (X, Ø) = 0, then there is a compact perturbation F of a trivial Banach bundle T → X with infinite rank such that H 0 (X, F ) = 0. Hence F cannot have any trivial subbundle.
Basic Notions
Let X be a finite dimensional complex manifold, C⊗T X = T 1,0 X ⊕T 0,1 X → X the complexified tangent bundle of X, and E → X a holomorphic Banach bundle.
An E-valued r-form f is a map f :
whose restriction to any fiber r (C ⊗ T x X) is a continuous, alternating, and complex r-linear map. It is called a (0, r)-form if f (ξ 1 , . . . , ξ r ) = 0 whenever ξ j ∈ T 1,0
x X for some 1 ≤ j ≤ r. So 0-forms are global sections. Let {(U i , ψ i )} i be an atlas of X such that there are trivializations ϕ i :
) is a Banach space. Fix smooth vector fields ξ 1 , . . . , ξ m on X which span each tangent space T x X. Let Ω r (X, E) be the space of smooth E-valued (0, r)-forms with the following seminorms, one for each compact K ⊂ U i and k = 0, 1, 2, . . .,
the sup taken over all tuples
is a Fréchet space whose topology is independent of the choices made. If X is an open set in C n and T = X × B is a trivial Banach bundle, then f ∈ Ω r (X, T ) can be expressed as
where the f J are B-valued functions and |J| = r. A C-linear operator∂ T,r :
For a general holomorphic Banach bundle E → X,∂ =∂ E,r : Ω r (X, E) → Ω r+1 (X, E) is defined through local charts and trivializations as above bȳ
Since∂ is a continuous operator, Z r ∂ (X, E) = Ker∂ E,r is a Fréchet space. We endow the cohomology groups
with the induced quotient topology. Thus H r ∂ (X, E) is a complete locally convex space but not necessarily Hausdorff.
Dolbeault Isomorphism
In this section, we will recall how the sheaf cohomology groups H q (X, E) can be endowed with a locally convex topology, and show that Dolbeault's isomorphism
is an isomorphism of locally convex topological vector spaces.
Fix smooth vector fields ξ 1 , . . . , ξ m that span each tangent space T x X. Let
) is a Banach space. Further let U be a countable cover of X consisting of such open sets. As in [11] , we consider the double complex
with the induced quotient topology. Also we endow the sheaf cohomology groups H q (X, E) with the topology induced by the direct limit of the system {H q (U, E), γ 
the sup taken over all tuples ξ j 1 , . . . , ξ jr and x ∈ W . Given a cover W consisting of such open sets, we define a double complex
) and endow the cohomology groups
with the induced quotient topology.
The following definition comes from [11] : Definition 3.2. We say that a countable open cover W of X is special (with respect to E) if (a) for every W ∈ W there is a biholomorphism of a neighborhood of W into some C n that maps W on a bounded, strongly pseudoconvex domain with smooth boundary; also E is trivial on this neighborhood, and (b) the boundaries of W ∈ W are in general position. This latter means that if k ∈ N and ρ i are smooth defining functions of W i ∈ W, i = 1, . . . , k, then dρ 1 , . . . , dρ k are linearly independent at each point of the set {ρ 1 = · · · = ρ k = 0}. From Sard's theorem, it follows that there are arbitrarily fine spacial covers.
Suppose V is a special cover of X, and U is a countable refinement of V consisting of Stein open sets. A refinement map γ :
with the following properties: 
, and the isomorphism in (3.1) is the inverse of the isomorphism
(X, E) are isomorphic as vector spaces, of course follows from the local solvability of∂ and from the softness of the sheaves Ω q (X, E), i.e. from the existence of the operators S and R. In fact, the vector space isomorphism obtained by diagram chasing will be ourL. Since L is continuous, so will beL, and we are left with showingL −1 is also continuous. Consider the composition
where the first map is f → (f |V ) V ∈V and (δS) q = δS q−1,1 · · · δS 0q ; the last map is the refinement homomorphism induced by a refinement map U → V, continuous by Cauchy estimates. Thus Λ itself is continuous.
We compute ΛL. Observe that the composition of the last map in (3.1) with the first map in (3.2) is
by (b) above, we obtain ΛL as the composition
In view of (c), therefore ΛL induces the identity on H q (U), and soL −1 is continuous.
Proof of Theorem 3.1. By [11, Corollary 2.6], if W is a special cover of X and U is a Stein open cover of X which is finer than W, then
By Proposition 3.3 and (3.3), therefore H q ∂ (X, E) ∼ = H q (X, E) as locally convex topological vector spaces.
Cohomology of Tensor Products
In this section, first we will recall the notion of tensor products. Then we consider a compact complex manifold X, a holomorphic Banach bundle V → X of finite rank, and relate the cohomology groups of V to those of V tensorized with a trivial Banach bundle. This we do by extending Hodge's decomposition theorem to a certain type of Banach bundles.
If (A,
A ) and (B, B ) are Banach spaces, then there are many ways to give a topology to the tensor product A ⊗ B. But if dim A = m < ∞, there is no ambiguity, and in fact A ⊗ B ∼ = B ⊕ · · · ⊕ B, m times. Concretely, if A is a Banach space with a basis {a 1 , . . . , a m }, then a norm on A ⊗ B can be given as
If V → X is a finite rank bundle and E → X is a Banach bundle, then the tensor product bundle π : V ⊗ E → X, whose fiber is π −1 (x) = V x ⊗ E x , is well defined. If T = X × B → X is a trivial Banach bundle, then we denote the tensor product bundle V ⊗ T → X by V ⊗ B. There is a canonical embedding of vector spaces
where f j ∈ Ω q (X, V ), b j ∈ B, and ξ i ∈ T X. Lemma 4.1. i in (4.1) is injective and has dense range. For any finite dimensional subspace F ⊂ Ω q (X, V ), the restriction i|F ⊗ B is continuous and
Proof. Density follows from [8, Proposition 2.1], and continuity of i|F ⊗ B is straightforward. As to injectivity, clearly it suffices to show that i|F ⊗ B is injective for any finite dimensional subspace F ⊂ Ω q (X, V ). We shall verify this now, and at the same time show i(
, and ξ i1 , . . . , ξ iq ∈ T x i X for i = 1, 2, . . . , dimF , so that
Thus the f i form a basis of F . We claim that there are constants c i such that if 
Henceforward we shall treat Ω q (X, V ) ⊗ B as a subspace of Ω q (X, V ⊗ B). The main result of this section is the following. 
of locally convex topological vector spaces.
Observe that dim H q (X, V ) < ∞, so the topology on H q (X, V ) ⊗ B is defined as above. The special case H q (X, V ) = 0 was earlier proved by Leiterer in [8] . Theorem 4.2 shows that for bundles of infinite rank, we cannot expect a finiteness theorem as (1.1).
We start by introducing notation from Hodge theory. Let X be a compact manifold and V → X a finite rank vector bundle. Fix hermitian metrics on X and V ; they determine an inner product (f, g) on Ω q (X, V ). With the adjoint∂ * of∂, we set
By Hodge's theorem (see e.g. [12] ), there are the orthogonal projection H = H q : Ω q (X, V ) → HΩ q (X, V ) to harmonic (0, q)-forms, and Green's operator It is not known whether for general Banach bundles there is anything like a Hodge decomposition. But we will use (4.4) to define such a decomposition for bundles of form V ⊗ B.
Lemma 4.3. Let X be a complex manifold, V → X a holomorphic Banach bundle of finite rank, and B a Banach space. Given any q and q ′ , if T :
is a continuous linear operator, then there exists a continuous linear operator
Proof. In [8, Proposition 2.2], Leiterer proved this for operators acting between C k and C l forms. The same proof gives the result for smooth forms. Alternatively, Leiterer's Proposition 2.2 implies our Lemma, since the continuity of T means that for every l ∈ N there is a k ∈ N so that T extends to a continuous linear operator
We shall apply Lemma 4.3 to the operators H and L. Note that (4.4) implies that on
Lemma 4.4. Let X be a compact complex manifold, V → X a holomorphic Banach bundle of finite rank, and B a Banach space. Then the terms on the right hand side in (4.5) can be extended to continuous linear operators on Ω q (X, V ⊗B), and the extended operators will satisfy the same identity. 
, the identity,
follows.
Proposition 4.5. Let X be a compact complex manifold, V → X a holomorphic Banach bundle of finite rank, and B a Banach space. Then
descends to an isomorphism
Proof. (4.4) and density imply∂H B = H B∂ = 0, and
, so (4.7) is a continuous surjection; and second that (4.7) descends to a continuous surjection
. This latter is injective by (4.6). It also has a continuous inverse, because with the seminorms K,k in (2.1) and the corresponding quotient seminorms on H q ∂ (X, V ⊗B) one can estimate the size of the cohomology class
Now we are ready to prove Theorem 4.2.
Proof of Theorem 4.2. In view of Proposition 4.5, it suffices to show that by restricting i of (4.1), we obtain a topological isomorphism
Lemma 4.1 implies thatĩ is continuous. Since i is injective, so isĩ. By Lemma 4.1 the range of i is dense in Ω q (X, V ⊗ B); hence the range of H B i, i.e. the range ofĩ, is dense in H B Ω q (X, V ⊗ B). By Lemma 4.1 the range is also closed, so it must be H B Ω q (X, V ⊗ B), and by the open mapping theoremĩ is a topological isomorphism.
The Splitting of Banach Bundles
We observed that cohomology groups of Banach bundles can be infinite dimensional. Still, Leiterer and Lempert have proved finiteness theorems for a certain type of Banach bundles. Lempert's finiteness theorem will be the starting point in the proof of our splitting theorem. Theorem (Lempert [11] ). Let X be a compact complex manifold, E, F holomorphic Banach bundles over X that are compact perturbations of one another, and q = 0, 1, . . .. If H q+1 (X, E) is Hausdorff and dim H q (X, E) < ∞, then H q (X, F ) is also finite dimensional (and Hausdorff).
Corollary 5.1. Let X be a compact complex manifold, V → X a holomorpihc Banach bundle of finite rank, and E → X a holomorphic Banach bundle that is a compact perturbation of a trivial Banach bundle
Proof. V ⊗E is a compact perturbation of V ⊗T . By Theorem 4.2, H q+1 (X, V ⊗T ) is Hausdorff and H q (X, V ⊗ T ) is finite dimensional. Hence the Corollary follows from Lempert's Theorem.
In [8] , Leiterer proved the above Corollary, assuming a mild condition (the compact approximation property) on the fibers of E.
Our Splitting Theorem 1.1 is a consequence of the following two propositions.
Proposition 5.2. Let X be a compact complex manifold and E → X a holomorphic Banach bundle that is a compact perturbation of a trivial bundle. If H 1 (X, Ø) = 0 then E has a trivial subbundle of finite corank.
Proposition 5.3. Let X be a compact complex manifold, E → X a holomorphic Banach bundle, and T ⊂ E a trivial subbundle of finite corank. Then E has a subbundle F of finite rank and T has a trivial subbundle T ′ of finite corank such that E = T ′ ⊕ F .
We start with the proof of Proposition 5.3.
Proof of Proposition 5.3. Let T be the bundle X × B → X with B a Banach space, and write G = E/T . With A ⊂ B a closed subspace to be specified and S ⊂ T the subbundle X × A → X, the quotient map E → E/S induces a homomorphism of short exact sequences of Banach bundles
and also of 
Consider the section h of Hom(G, G) corresponding to the identity homomor-
If we choose A ⊂ B to be the span of the b i , then (5.3) shows that 0 = π (α(h)) = γ(h), and so h is in the range of β. In other words, the identity homomorphism G → G is covered by a homomorphism G → E/S; the image G ′ ⊂ E/S of this latter has then finite rank and is complementary to T /S ⊂ E/S. If we now choose F ⊂ E to be the preimage of G ′ under the quotient map E → E/S, and T ′ ⊂ T to be complementary to S ⊂ T , then E = T ′ ⊕ F , as claimed.
The following lemma is not new; for lack of reference we include a proof.
Lemma 5.4. Let µ : L → P n be a negative line bundle, h : L → R a negatively curved hermitian metric, and D = {h < 1}. Then H q (D, Ø) = 0 for q > 0.
f k is the fiberwise homogeneous expansion of f . Now the khomogeneous cocycle f k can be thought of as a cocyle in Z q (U, L −k ), and therefore it is a coboundary (for example by Kodaira's vanishing theorem). Therefore
On the other hand, the condition on h means that D has strictly pseudoconvex boundary, hence by Grauert's theorem (see [6] ), H q (D, Ø) ∼ = H q (V, Ø) is finite dimensional and so Hausdorff. Therefore [f ] = 0 as claimed.
Lemma 5.5. Let E → X be a holomorphic Banach bundle over a compact complex manifold, π :X → X the blow up at p ∈ X, andẼ = π * E →X the pull back bundle. If I E p and IẼ S are the ideal sheaves of germs of E-(respectivelỹ E-) valued holomorphic functions vanishing at p (respectively S = π −1 (p)), then
are isomorphisms for q = 0 and monomorphisms for q = 1; if E is of finite rank, then they are isomorphisms for any q ≥ 0.
Proof. Let dim X = n ≥ 2 and rank E = r ≤ ∞. (If dim X = 1, the Lemma is obvious.) The point p has a arbitrarily small neighborhood V ⊂ X, biholomorphic to a ball, such that U = π −1 V ⊂X is biholomorphic to the disc bundle {h < 1} of a hermitian line bundle (L, h) over S ∼ = P n−1 . Choose V so that, in addition, E|V is trivial. ThenẼ|U is also trivial. Consider the following commutative diagram
where i andĩ are inclusion maps and π * p is the restriction of π * . Both π * and π * p are isomorphisms. The inverse of π * is obtained by first associating with f ∈ Γ(U,Ẽ) the section
and then extending this section, by Hartogs' theorem, to p. The restriction of this inverse to Γ(U, IẼ S ) is then the inverse of π * p . Next let W be a Stein cover of X so that V ∈ W and no W ∈ W\{V } contains p. Let U = {π −1 W |W ∈ W}. That π * and π * p in (5.4) are isomorphisms implies that
Because W is Stein, by Leray's theorem,
Since the canonical maps
are isomorphisms for q = 0 and monomorphisms for q = 1, by combining (5.5), (5.6), and (5.7),
are isomorphisms for q = 0 and monomorphisms for q = 1. Now let us assume rank E = r < ∞. For j ≥ 1
The first two groups vanish simply because V is Stein, and the third vanishes by Lemma 5.4, sinceẼ|U is trivial. The last group fits in the exact sequence
SinceẼ|U is trivial,
Thus H 0 (U,Ẽ/IẼ S ) is identified with the space of constant C r -valued functions over the compact S, and α is clearly surjective for j = 1. For j > 1, H j−1 (S, Ø) = 0 by Kodaira's vanishing theorem. Therefore β = 0 and H j (U, IẼ S ) = 0 by (5.9). Although U is not a Stein cover, Leray's theorem still implies 10) because the only non-Stein intersection of elements of U is U itself, which is acyclic according to (5.8) . Putting together (5.5), (5.6), and (5.10),
Lemma 5.6. Let X be a compact complex manifold with H 1 (X, Ø) = 0, and E → X a compact perturbation of a trivial Banach bundle. If I E p is the ideal sheaf of germs of E-valued holomorphic functions vanishing at p ∈ X, then for q = 0, 1 dim H q (X, I E p ) < ∞.
Proof. Let π :X → X be the blow up at p ∈ X and S = π −1 (p),Ẽ, and IẼ S as in Lemma 5.5. Further, let I p be the ideal sheaf of p ∈ X and I S the ideal sheaf of S ⊂X. I S is isomorphic to the sheaf of sections of a line bundle L →X. By Lemma 5.5 H q (X, L) ∼ = H q (X, I S ) ∼ = H q (X, I p ). This latter group vanishes for q = 0 by the maximum principle, but also for q = 1, as follows from the exact sequence open and E = X × B → X is trivial. We will think of elements of Γ(X, E) as B-valued holomorphic functions on X. Our hypothesis still implies that A is a Banach subspace of Γ(X, E), in fact one isomorphic to a subspace of B. Choose h 1 , . . . , h m ∈ Γ(X, E) so that for a fixed p ∈ X, the h i (p) span a complementary subspace to ε p A ⊂ B. Define a homomorphism φ of the trivial bundles F = X × (A ⊕ C m ) → X and E → X by
where x ∈ X, s ∈ A, and β = (β 1 , . . . , β m ) ∈ C m . The differential of φ at (p, 0),
is an isomorphism between C n × (A ⊕ C m ) and C n × B by the choice of h i . By the implicit function theorem therefore φ is invertible on a neighborhood V × N ⊂ X × (A ⊕ C r ) of (p, 0). In fact, the inverse can be extended to all of V × B by linearity. The upshot is that φ is an isomorphism of the bundles F |V and E|V . Since the restriction of φ and ε to V × (A ⊕ (0)) agree, this implies the claim.
Proof of Proposition 5.2. By Lemma 5.7 and Lemma 5.8 (a), for each p ∈ X, there are a neighborhood U p ⊂ X of p and a finite codimensional subspace A p ⊂ Γ(X, E) such that ε x |A p is injective for x ∈ U p . Lemma 5.7 also implies codim ε x A p < ∞. Let {U p | p ∈ P } be a finite cover of X, and A = p∈P A p . Then ε x |A is injective for all x ∈ X. Moreover ε x A ⊂ E x is closed and finite codimensional. By Lemma 5.8 (b), T = εA ⊂ E is a trivial subbundle of finite corank, which proves the Proposition.
